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PA3JI0^CEHHE B HEnHYIO /JPOEL cDYHKHHH cos(x), sec(x), ch(x), sch(x), sin(x), cosec(x), 

sh(x), csch(x), sec 2 (x), cosec 2 (x), sch 2 (x), csch 2 (x) 

C.H. Ejia^KOBCKHH 

Abtopom npeano)KeH 3JieMeHTapHi,ra bhbozi pa3no>KeHHa b iieirayio apo6i> (jjymciiHH cos(jc), sec(x), 
ch(jc), sch(x), sin(jc), cosec(jc), sh(jt), csch(x),sec 2 (x),cosec 2 (x),sch 2 (x),csch 2 (jc). 
KnroneBbie cnoBa: HenpeptmHaa apo6b, iieimaa jspoGb. 

ABTopy He yAanocb oGHapyacnrb odmuii eud pauioMcenuH b nenHyio Apo6b cos(x), 
sec(x), ch(x), sch(x), sin(x), cosec(x), sh(x), csch(x), sec 2 (x),cosec 2 (x), sch 2 (x), csch 2 (x), hh 
b o6meH3BecTHbix cnpaBOHHHKax (cm., HanpHMep, [6], [9]), hh b MHoroHHcneHHtix 
MOHorpa(j)Hax cneHHantHO nocBameHHbix nenHbiM jxpo6%M (cm., HanpHMep, [1],[2],[7],[10], 
[11],[13],[14],[15],[16],[17],[18]). 

B [4,c.305] cKa3aHo: " 06ihhh bh# pa3JioaceHHa b nenHyio Apo6b cos x HeH3BecTeH. IIo 
MeTo^y BncKOBaToro Moaoio Hairm jihhib KOHeHHoe MHoacecTBO 3BeHbeB Taicoro pa3JioaceHHa. 
HanpHMep, 

miy- 1 * 2 5x2 3x2 313X 2 r n m 

cosx- 1+ 2 _ 6+ 5Q _ 126+ L J V) 

Orciofla, Tax KaK ch x = cos ix, nojiynnM cjieAyiomHe pa3JioaceHHa: 

„u v — 1 X 2 5x 2 3x 2 3 13x 2 r 1 /"3\ 

Cllx " 1 - 2+ 6- 50 + 126-... L 1 W 

B [5,c.l 10] h [5,c.l38] npHBeAeHbi 3th ace (J)opMyjibi, ho co ccbijikoh Ha [8,c.l68] h 
[8,c.166,167] - cooTBeTCTBeHHo. KpoMe Toro, b [5,c.138] #aHa (yopMyna: 

chx=l + — , (5) 

(l+F) 2 -^- 

iyje, (cm.[5,c.60]) 

F _ x 2 /4 x 3 x 2 /4x!5 x 2 /4 x 35 x 2 /4 x [4(^ - l) 2 - 1 ] 

Otmcthm, nocneAHaa (j)opMyna, #a6bi H36eacaTb ^BycMBicJieHHOCTH, AOJiaoia 6bitb TaKOBon: 
x 2 /(4 x 3) x 2 /(4x 15) x 2 /(4 x 35) x 2 /(4 x [4(rc - l) 2 - 1 ] ) 

1+ 1+ 1 + ...+ 1 + ... ' ( ' 

(HanpHMep, cm.[1, rji.4, § 4.6, (6.1c), c. 142]). 

B [8,c.l67,168] npHBe^CH bbiboa (J)opMyn (3), (4) /uia ch x mctoaom BncKOBaToro 
(nocKonbKy rjis cos x, ch x "o6ihhh bh# pa3JioaceHHa b nenHyio Apo6b HeH3BecTeH"), H3 
KOTOpwx 3aMeHOH x Ha ix nonyneHbi (1), (2) [8,c.l68]. TaM ace yKa3aHO, hto pa3JioaceHHe (2) 
HMeeTca b [3]. 

HecKOJibKO nynnie o6ctoht #eJio c (j)opMynaMH jsjin sin(x). ABTopy y^anocb Hair™ 
(yopMyny /uia sin(x) b [12, c. 138] - 6e3 BbiBo^a: 

sin(x) = (8) 

1 + ^ = 

(2x3-x 2 ) + 2x3xL 

(4x5-x 2 )+ 4x5 * 

(6 x 7 -x 1 ) + ... 

B [4,c.304] cKa3aHo: " 06ihhh bh# pa3JioaceHHa b nenHyio Apo6b sin x HeH3BecTeH. IIo 
MeTo^y BncKOBaToro Moaoio HaHTH jihhib KOHeHHoe MHoacecTBO 3BeHbeB TaKoro pa3JioaceHHa. 
HanpHMep, 
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cin y - X X 2 7x 2 1 lx 2 55 lx 2 r n m\ 

S X ~ 1 + 6- 10+ 98- 198 + ... L J {) 

H 

c ; n y — y _ x 3 3x 2 1 lx 2 25x 2 " (\ (\\ 

sinx-x 6+ 1Q _ 42+ 66 _ (iu> 

/],anee, [4,c.305], npHBeAeHti (j)opMynbi ^na sh(x) : 

cW - X X 2 7x 2 1 lx 2 55 lx 2 r I /in 

S X ~ 1 - 6+ 10- 98+ 198 -... L J 1 ; 

shx = x+ ^_ 3lL Ilxi 25x 2 „ (12) 
6- 10+ 42- 66+... v ' 

B [5,c.l09] npHBeAeHbi 3th ace (JwpMyjibi, ho co ccbijikoh Ha [8,c.l65]. 

B [8,c.l62. . .164] Taicace OTMeneHo, hto "oGihhh bh# pa3JioaceHHa b nenHyio jxpo6h 
HeH3BecTeH" h npHBeAeH bbiboa (j)opMyn (1 1),(12) jijisl sh(x) mctoaom BncKOBaToro, H3 
KOToptix 3aMeHOH x Ha ix noJiyneHbi (9), (10) [8,c.l65]. TaM ace npHBeAeHbi pa3JioaceHHa h #jra 

co ccbijikoh Ha [3] : 



H 



SIM 



_ i , X 2 7x 2 llx 2 551x 2 no\ 
a 1 n i oq 1 no i \ 1J J 



sinx 6- 10+ 98- 198 + 

x _ 1 x 3 3x 2 1 lx 2 25x 2 (]a\ 
sinx 1 - 6+ 10- 42+ 66- ... K ' 

J\jw BbiBOAa o6iu,ezo euda pa3Jio3tcenuH b nenHyio Apo6b cj)yHKHHH cos(x), sec(x), ch(x), 
sch(x), sin(x), cosec(x), sh(x), csch(x) npeAJiaraeTca cjieAyromee. 

06paTHMca k (J)opMyjie 3iiJiepa [4, ra.5, §1, n.6, (5.16), c.281] o6pameHHa pa#a b nenHyio 
Apo6b : 

Zoo n C\X C2X C1C3X C n —2C n X c\ 

n=0 c n x - co + -j— — +C2X _ C2 + C3X _ ■■■ Cn _ y +CnX _ ■■■ U-V- 

J\im pa^a [5, ra.3, §1, n.2,2 E ,c.93] 

2k 

cos(x) = Zl 0 (-l) k f^, (16) 

BH^HM, HTO HenOCpeACTBeHHO (15) HeJIB3a HCnOJIB30BaTb, TaK KaK K03(J)(J)HHHeHTbI c 

HeneTHbiMH HH^eKcaMH paBHbi Homo, IloJiaraa x 2 = p, HMeeM 

cos(x) = ZL(-D fe -^r = 1 - \P + ^P 2 - !kP 3 + lok^ 4 " - (17) 

PaccMaTpHBaa (17) KaK hcxoahbih pa#, noJiynaeM 
(-\Y 

c - = w*° <18) 

hh npn KaKHX nenbix n. /^na (17) (J)opMyjia (15) npHMeT bh#: 

V 00 r n" - r, I Cl P ° 2 P ClC3 P C n -2C n p /i n\ 

Ln^i-np Cot- j_ Cl+C2/? _ C2 + C3/? _ ... C(?1 +Cn p_ ••• 

HeTpy^Ho y6eAHTbca, hto (19) npe^cTaBHMo b BH^e: 

z: = o^ = c 0+ -^L (20 ) 

£1 

£ n = c w + c n+ ip- c ^+ 2 ^ , (21) 

nonaraa £„(p) = yy — W n (p) AJia jno6oro HeoTpHHareJibHoro nejioro n h noACTaBJiaa 
(18) b (20) h (21), nocjie HeonoacHbix npeo6pa30BaHHH nojiynHM: 

W n = (In + 1)(2» + 2) - P + (2n + + (22) 

H 



i>" = i -lrL (23) 

Ecjih Btipa3HTt pe3ynBTaT He nepe3 W\, p, a nepe3 Wo, x, to HMeeM 

cos(x) = 1 - -^t, (24) 
Wo + x z 

sec(x) = 1 + (25) 

w /"i , ivi , i\ 2 , (2n + \)(2n + 2)x 2 

vr„ = (2rc + l)(2« + 2) - x z + ^ — . (26) 

W/z+l 

Ecjih b (24),(25),(26) 3aMeHHM x Ha ix h nojiaraa t/„(x) = W n (ix) AJia JiK)6oro 
HeoTpHHaTeJiBHoro nejioro n, to noJiyHHM pa3JioaceHHa £Jia ch(x), sch(x): 

ch(x) = l + (27) 

U 0 -x 1 

sch(x) = 1 - (28) 

U n (x) = (2n + l )(2n + 2) + x 2 - (2^ + l)(2n + 2> 2 (29) 

Otmcthm, hto /TJia ceKaHca h rnnepGojiHHecKoro ceKaHca nojiyneHHBie nenHBie Apo6n He 

x 2 cos(x*) 

aBJiaBOTca paBHOHeHHBiMH; BnponeM, KaK h #Jia cj)yHKHHH Wo(x) = -j y4- h 

1 COS( ) 

r/ nM _ x 2 ch(x) 
C/0(X) - ch(x) - 1 • 

/],jia BBiBo^a (|»opMyji o6mero BH#a pa3JioaceHHa b HenHyro apo6b cj)yHKHHH sin(x), 
cosec(x), sh(x), csch(x) b KanecTBe hcxoahoto BBi6epeM pa# [5, ra.3, §1, n.2,l E ,c.93] 

sin(x) = Z- 0 (-l)^-^y r . (30) 

Bh^HM, HTO HenOCpeACTBeHHO (15) HeJIB3a HCnOJIB30BaTB, TaK KaK K03(j)(j)HHHeHTBI C HeTHBIMH 

HH^eKcaMH paBHBi HyjiK). IIocTynHM cjie/ryromHM o6pa30M. nonaraa x * 0, pa3^eJiHM o6e 
Hacra (30) Ha x ; nycTB x 2 = p, Tor^a (30) npHMeT bha 

sin(x) _ v-'co / -i \k p i 1,12 13_l 1 4 1 ^ 

X ~ Lk=C>y L ) (2k + 1)! ~~ ~IX> P ~ ~5040 P 362 880 ^ ~"- V L ' 

PaccMaTpHBaa (31) KaK hcxoahbih pa#, noJiynaeM 

hh npn KaKHX neJiBix n. 06paTHMca k (20), (21). JJjisl (31) 3th (J)opMynBi npHMyT bur: 
^ = 1 + ~«f , (33) 
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120-P 



£l 

(-1)" (-1)" n 

f _ HT i HI! „ ( 2 " +1 ) ! (2/» + 5)! p ( . 

En ~ (2n+\)\ + (2n + 3)\ P E n+1 ' 

nonaraa E n (p) = — ^rrS n (p) #Jia JiK)6oro HeoTpHHaTeJiBHoro nejioro n, nocne 
{In + 3)\ 

HecnoacHBix npeo6pa30BaHHH noJiyHHM: 

S„(p) - <2„ + 2X2» + 3) - p + g^X^±j)g (35 ) 



MA = i_J_ P (36) 

x 61. P y ' 



H 

sin(x) _ 1 ^ p 

1 + Si(p) 

Ecjih Btipa3HTb pe3ynbTaT He nepe3 S\(p), p, a nepe3 So(x), x, to HMeeM 

s*n(*) = 1 _ x 2 nri 
* 5 0 (x) + x 2 ' K J 



HJIH 



sin(x) = x[ 1 - - ^ 2 ), (38) 



sini 



So(x) + x 2 

«0 = cosecW = + + sfe • (39) 



S n (x) = (2n + 2)(2n + 3) - x 2 + (2^ + 2)(2n + 3)x 2 _ (4Q) 

S„+i(x) 

Ecjih b (38),(39),(40) 3aMeHHM x Ha a h nojiaraa T n {x) = S n (ix) rim jno6oro 
HeoTpHHaTenbHoro nejioro n, to nojryHHM pa3JioaceHHa rjw sh(x) h csch(x): 

sh(x) =x(l + — -4 — t\ ( 41 ) 



v To(x)-X 2 y 

r„(x) = (2, + 2)(2n + 3) + x 2 - ^ + 2)(2, + 3)x 2 (43) 

-t n+l(Xj 

Otmcthm, hto ajis KoceKaHca h rnnep6ojiHHecKoro KoceKaHca nojiyneHHBie nenHBie Apo6n He 

x 2 sin(x) 

aBJiaroTca paBHOHeHHBiMH; BnponeM, KaK h ajm cj)yHKHHH So(x) = 7 rT H 

row = 4^-- 

sh(x) - x 

OopMyjiBi (24) h (26) no3BOJiaK>T noJiyHHTB pa3JioaceHHa #Jia sec 2 (x) h cosec 2 (x). KaK 
H3BecTHo, (HanpHMep, cm. [6, (4.3.25), c.38]) 

cos(2x) = 2cos 2 (x) -1 = 1 - 2sin 2 (x) , (44) 



OTKy^a: 



H 



1— = sec 2 (x) = -: 2 - 7TT - (45) 

cos 2 (x) 1 + cos(2x) v } 



1 = cosec 2 (x) = 2 (46) 



sin 2 (x) " ' 1 -cos(2x) 

/],jia apryMeHTa 2x (j)opMyjiBi (24) h (26) npHMyT bh^: 

cos(2x) = 1 4£ (47) 

V 7 Wo(2x) + 4x 2 V ' 

W n (2x) = (2n+l )(2n + 2) - 4x 2 + ■ ( 48 ) 

IloJiaraa W„(2x) = 2R n (x) AJia JiK)6oro HeoTpHHaTeJiBHoro nejioro n, nocne HecJioacHBix 
npeo6pa30BaHHH noJiyHHM: 
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cos 2 (x) ' Ro(x) + x 2 



\ = cosec 2 (x) = 2 + — 

sin (x) x 



= cosec 2 (x) = 2+ -\Ro(x) (50) 



R n {x) = (2n + l)(n + 1) - 2x 2 + 2(2n + 1 )(, + 1 )x 2 

«„+i(xj 

Ecjih b (49),(50),(51) 3aMeHHM x Ha a h nonaraa //„(x) = R n (ix) riis moGoro 
HecnpimaTeJibHoro Henoro n, noone HeanoacHbix npeo6pa30BaHHH nonynHM pa3JioaceHHa jijis 
sch 2 (x) h csch 2 (x): 

— J — = sch 2 (x) = 1 -4 t (52) 

ch 2 (x) V ' H 0 (x)-x 2 v ' 

= csch 2 (x) = \h q (x) - 2 (53) 



sh 2 (x) x 2 



., , , 1W ix o o 2(2n + l )(rc + l )x 2 
H n (x) = {In + l)(n + 1) + 2x 2 - A ' 

tl n +\\X) 

JlHTepaTypa 



(54) 
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Continued fraction expansion for function's cos(x), sec(x), ch(x), sch(x), sin(x), 
cosec(x), sh(x), csch(x), sec 2 (x), cosec 2 (x), sch 2 (x), csch 2 (x) 

The autor propose the elementary derivation of the continued fraction expansion for function's cos(jc), 
sec(jc), ch(x), sch(jc), sin(x), cosec(x), sh(x), csch(x),sec 2 (x),cosec 2 (x),sch 2 (x),csch 2 (x) 
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0T3BIB 

Ha pa6oTbi TjiaflKOBCKoro C.H. no pa3no>KeHHaM b nenHbie jipo6m HeKOTopbix 

SJieiVieHTapHblX (J)yHKnHH H HX JIHHeHHblX KOM6nHanHH 

B CTaTtax TjiaflKOBCKoro C.H. yKa3bmaiOTca pa3no>KeHHa b nenHbie ^po6H 

HeKOTOpblX 3JieMeHTapHbIX (ftyHKUHH H HX JIHHeHHblX KOMSffliaHHH. H3BCCTHO, HTO 

KOHCTpyKHHa uenHOH jipo6n He aBJiaeTca hhhchhoh. 3to 03HanaeT, hto 3HaHHe 
pa3Jio>KeHHH b uenHyio ^po6b (|)yHKHHH f h g He no3BOnaeT aBTOMaTHnecKH pa3Jio>KHTb b 
uenHyio ^po6b cyMMy f+g (hjih KaKyio-JinGo ^pyryio jiHHeiiHyio KOM6HHau,Hio Cif+C2g, 
r^e CiC 2 ^0) 3thx (|)yHKHHH. 

Pa3Jio>KeHHa b uenHbie ^po6H ocHOBHbix aneMeHrapHbix (f)yHKHHH xoponio 
H3BecTHbi, a HanncaTb pa3no)KeHHa Bcex nHHeifflbix KOM6HHau,HH h hcbo3mo>kho h He 

OHeHb Hy>KHO. HeoGxOflHMOCTb B flaHHOH fleaTeJIbHOCTH MO>KeT B03HHKHyTb TOJIbKO 

jiHHib Tor^a, Kor^a npn penieHHH Kaicon-nnSo flpyrofi 3a^aHH noTpe6yeTca flamioe 
KOHKpeTHoe pa3Jio>KeHHe. 

CnHTaio nySnHKauHio pa6oT Tjia^KOBCKoro C.H. no pa3no>KeHHaM b uenHbie 
apo6n b 5KypHane «MaTeMaTHHecKne 3aivieTKH» Heu,ejiecoo6pa3HOH. 
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